Column generation for airline problems by Nemhauser, George L.
•09:08:33 OCA PAD AMENDMENT - PROJECT HEADER INFORMATION j09/15/95 
Project I: E-24-666 Cost share I: E-24-331 
Center I : l0/24-6-R7463-0AO Center shr I: l0/22-l-F7463-0AO 
Rev 1: 9 
OCA file 1: 
Active 
Work type : RES 
Contract#: SES-9122674 
Prime I: 
Subprojects ? : Y 
Main project 1: 
Project unit: 
Project director(s): 





Mod I: OPAS 




Contract entity: GTRC 
CFDA: 47.051 
PE 1: 
Sponsor/division names: NATL SCIENCE FOUNDATION 
Sponsor/division codes: 107 
I GENERAL 
I 000 





Cost sharing amount 
New this change 
0.00 
0.00 
Does subcontracting plan apply ?: N 




Title: COLUMN GENERATION FOR AIRLINE PROBLEMS 
PROJECT ADMINISTRATION DATA 
OCA contact: Jacquelyn L. Bendall 
Sponsor technical contact 
N. JOHN CASTELLAN 
<202)357-7417 
NATIONAL SCIENCE FOUNDATION 
1800 G STREET, NW 
WASHINGTON, DC 20550 
Security class (UJCJS,TS> : U 
Defense priority rating 




Sponsor issuing office 
STEPHEN G. BURNISKY 
(202)357-9653 
NATIONAL SCIENCE FOUNDATION 
1800 G STREET, NW 
WASHINGTON} DC 20550 
ONR resident rep. is ACO (Y/N): N 
supplemental sheet 
Gil X 
ISSUED TO EXTEND PROJECT TERMINATION DATED TO SEPTEMBER 30, 1996 WITH THE 
FINAL REPORT DUE DECEMBER 31, 1996. 
GEORGIA INSTITUTE OF TECHNOLOGY 
OFFICE OF CONTRACT ADMINISTRATION 
NOTICE OF PROJECT CLOSEOUT 
Closeout Notice Date 01/02/97 
Project No. E-24-666 __________ __ Center No. 10/24-6-R7463-0AO_ 
~ Project Director NEMHAUSER G L __________ __ School/Lab ISYE _________________ ___ 
Sponsor NATL SCIENCE FOUNDATION/GENERAL _______________________________________________________ __ 
Contract/Grant No. SES-9122674 __________________ _ Contract Entity GTRC 
Prime Contract No. 
Title COLUMN GENERATION FOR AIRLINE PROBLEMS _______________________________________________________ __ 
Effective Completion Date 960930 (Performance) 961231 (Reports) 
Closeout Actions Required: 
Final Invoice or Copy of Final Invoice 
Final Report of Inventions and/or Subcontracts 
Government Property Inventory & Related Certificate 
Classified Material Certificate 












LETTER OF CREDIT APPLIES. 98A SATISFIES PATENT REPORT. ___________________ __ 
Subproject Under Main Project No. 
Continues Project No. 
Distribution Required: 
Project Director 
Administrative Network Representative 
GTRI Accounting/Grants and Contracts 
Procurement/Supply Services 
Research Property Managment 
Research Security Services 















April 14, 1994 
Dr. Robin A. Cantor 
Program Director 
Decision Risk & Management Science 
National Science Foundation 
4201 Wilson Boulevard 
Arlington, VA 22230 
RE: SES 9122674 
Cynthia Barnhart/George L. Nemhauser 
Dear Robin: 
School of Industrial and Systems Engineering 
Georgia Institute of Technology 
Atlanta, Georgia 30332-0205 
USA 
404. 894. 2300 
404•894•2301 FAX 
Enclosed is a first-year progress report on grant "Column Generation for Airline 
Problems". I believe that our work is having a major impact in the airline 
industry. 
I have also enclosed a request for second-year funding of $75,000. The budget 
contains a subcontract with MIT because the co-principal investigator Dr. 
Cynthia Barnhart has moved there. the delay in requesting second-year funding 
was due to a change in companies that are providing the matching funds. With 
the financial crises going on in the airline industry it became necessary to find 
some new companies. We now have agreements with three new companies: 
United Airlines, Praxair (letters attached and contract signed), and AT&T. The 
letter from AT&T will be sent under separate cover. 
I have also enclosed copies of the reports prepared under the grant. 
GLN/yk 
Enclosures 
An Equal Education and Employment Opportunity Institution 
Sincerely, 
!v V 
George L. Nemhauser 
Institute Professor and 
Chandler Chair 
A Unit of the University System of Georgia 
ANNUAL NSF GRANT PROGRESS REPORT 
NSF Program: Decision Risk & 
Hanagement Science 
PIName: Cynthia Barnhart 
George L. Nemhauser 
Pllnstitutlon: Georgia Institute of 
Technology 
PI Address: ISyE - Groseclose Bldg. 
765 Ferst Street 
Atlanta, GE 30332-0205 
Check If Continued Funding is Requested 
Please include the following Information: 
NSF Award Number: SES-9122674 
Period Covered By This Report: 
Date: 
APPENDIXD 
1. Brief summary of progress to date and work to be performed during the succeeding period; 
2. Statement of funds estimated to remain unobligated -if more than 20%- at the end of the period for wt'llch 
NSF currently is providing support (not required for participants in the Federal Demonstration Project); 
3 Proposed budget for the ensuing year in the NSF format, only if the original award letter did not indicate 
specific incremental amounts or if adjustments to a planned increment exceeding the greater of 10% or 
$10,000 are being requested: · 
4. Current information about other research support of senior personnel, if changed from the previous 
submission; 
5. Any other significant information pertinent to the type of project supported by NSF or as specified by the 
terms and conditions of the grant; 
6. A statement describing any contribution of the project to the area of education and human-resource 
development. if changed from any previous submission: and 
7. Updated information on animal care and use. Institutional Biohazard Committee and Human Subject 
Certification, if changed substantially from those originally proposed and approved. 
1 certify that to the best of my knowledge (1) the statements herein (excluding scientific hypotheses and scientific 
opinions) are true and complete, and (2) the text and graphics in this report as well as any accompanying 
publications or other documents, unless otherwise indicated, are the original work of the signatories or individuals 
working under their supervision. I understand#tt the willful provision of false information or concealing a material 
fact in this report or any other communjcation bmrtted to NSF is a criminal offense (U.S. Code, Title 18, Section 
1001.) .'I / /J 
P.l. Signaturei,L/-:>lo.tll<~-+'.....:"~--------------
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FIRST YEAR PROGRESS REPORT 
April 1994 
National Science Foundation 
Grant No. : SES-9122674 
Project Title: Column Generation for Airline Problems 
Principal Investigators: Cynthia Barnhart and George L. Nemhauser 
I. Research Accomplished 
The objective of this grant is to develop column generation methods for 
solving large-scale integer programs and to apply them to optimization 
problems associated with air transportation and other industrial 
problems. The importance of large-scale mixed-integer programming is 
discussed in [7]. In the first year, matching funds were received from 
American, Delta and Northwest Airlines. For each of these companies, we 
studied a different problem. We also developed a general methodology, 
called branch-and-price, for solving integer programs with a very large 
number of variables by column generation. 
A. Branch-and-Price 
This methodology applies to integer programs with a huge number of 
variables. Sometimes it is desirable to formulate an integer program 
with a huge number of variables even though there are alternative 
formulations with a much smaller number of variables because the bigger 
formulation gives a much tighter linear programming relaxation and 
eliminates certain symmetries which make the smaller formulation 
impossibl~t to solve. The cutting-stock problem is a well-known example. 
In other situations, such as crew scheduling, modeling is not possible 
unless a huge number of variables is considered. 
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In solving LP relaxations at each node of the branch-and-bound tree, it is 
necessary to use special procedures to price the non-basic variables since 
there are so many of them. For example, pricing may be done implicitly 
by solving an optimization subproblem. However, the subproblem may be 
complicated greatly by the choice of branching rules. One of our main 
contributions here are some approaches for how to branch while keeping 
the subproblem tractable. This work is described in [3]. Its application to 
the cutting stock problem is given in [9]. 
B. American Airlines 
We developed a new model and solution procedure for solving the airline 
crew scheduling problem. It is based on breaking the decision problem 
into two stages. In the first stage, we select feasible one-day sets of 
flight segments for crews that cover all of the flight segments. These are 
called duty sets. In the second stage we combine the duty sets into 
pairings, which constitute from one to four or five days of flying that 
begin and end at the crew's base. We present a decomposition algorithm 
for solving this model and present results for test problems provided by 
American Airlines. The results are . promising because our approach gives 
a much tighter linear programming relaxation than the standard set 
partitioning problem. However our linear programs are very difficult to 
solve and more work is needed in this area. This work is described in [8]. 
We have developed models and algorithms for the crew scheduling problem 
in international operation [1 ,2]. This is called the long-haul crew pairing 
problem. It differs from the domestic crew pairing problem in that its 
network structure is not hub-and-spoke and its flight segments are 
typically long distance and not operated on a daily schedule. These 
characteristics allow us to determine an optimal solution to the linear 
programming relaxation of the crew pairing problem using column 
generation, with a (constrained) shortest path subproblem solved to 
generate pairings as needed. Improved solutions to the linear program are 
determined using a deadhead selection procedure that identifies flights on 
which crews fly as passengers in order to reposition them for better 
utilization. An integer solution to the crew pairing problem is determined 
using the pairing in the solution to the linear programming relaxation, 
augmented with additional (nonbasic) pairings. 
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C. Delta Airlines 
We have worked with Delta on the fleet assignment problem, which is to 
decide which type of airplane to assign to each flight segment. Our work 
on the formulation and solution of the basic fleet assignment problem is 
described in [6]. Results on the complexity of fleet assignment and 
related issues are given in [5]. In [4], we study how to include some 
complex issues concerning maintenance and crew planning into the basic 
model. After fleeting is done, routes must be determined for the airplanes 
in each fleet. We are also studying this rotation problem and will report 
on it in the near future. Finally, work is in progress on a new 
decomposition/column generation approach to the fleeting problem which 
allows many special constraints to be included at outlier stations. 
D. Northwest Airlines 
When delays occur because of malfunctioning equipment or bad weather, it 
may be necessary to reschedule some crews. This is called the crew 
recovery problem. Unlike fleet assignment or crew planning, which have 
reasonable lead times for their solution, crew recovery is an operational 
problem that must be solved with short lead times. Our approach to crew 
recovery is to consider all of the available crews whose assignments 
could be changed to help manage the delay and the reserve crews. The 
current assignments of these crews are temporarily relaxed and a new 
crew assignment problem is solved. When the number of delays is small, 
which is typically the case when delays are caused by malfunctioning 
equipment but not bad weather, the crew assignment problem is small and 
can be solved quickly to get a good reassignment. A report on this work 
will be available in the near future. Crew recovery for multiple delays is 
likely to involve cancellations and requires a different approach which we 
are also beginning to study. 
3 
II. Publications 
1. C. Barnhart, L.Hatay and E.L. Johnson, "Deadhead Selection for the 
Long-Haul Crew Pairing Problem," to appear in Operations Research., 
1994. 
2. C. Barnhart, E.L. Johnson, R. Anbil and L. Hatay, "A Column Generation 
Technique for the Long-Haul Crew Assignment Problem", 
Optimization in Industrial Environments, Vol. 2, T. Ciriani and R. 
Leachman, eds., John Wiley and Sons, Ltd., 1994. 
3. C. Barnhart, E.L. Johnson, G. L. Nemhauser, M. Savelsbergh and P. 
Vance, "Branch-and-Price: Column Generation for Solving Huge 
Integer Programs", Working Paper COC-94-03. 
4. L.W. Clarke, C.A. Hane, E.L. Johnson and G.L. Nemhauser, "Modeling 
Issues in the Fleet Assignment Problem", Working Paper COC-94-05. 
5. Z. Gu, E.L. Johnson, G.L. Nemhauser and Y. Wang, "Some Properties of 
the Fleet Assignment Problem", Working Paper COC-92-06, to appear 
in Operations Research Letters, 1994. 
6. C.A. Hane, C. Barnhart, E.L. Johnson, R.E. Marsten, G.L. Nemhauser and 
G. Sigismondi, "The Fleet Assignment Problem: Solving a Large-Scale 
Integer Program", Working Paper COC-92-04, to appear in 
Mathematical Programming. 
7. G.L. Nemhauser, "The Age of Optimization: Solving Large-Scale Real 
World Problems", Working Paper COC-93-04, to appear in Operations 
Research, 1994. 
8. P. Vance, "Crew Scheduling Cutting Stock and Column Generation: 
Solving Huge Integer Programs", Ph.D. Dissertation, 1993. 
9. P. Vance, C. Barnhart, E.L. Johnson, and G.L. Nemhauser, "Solving 
Binary Cutting Stock Problems by Column Generation and Branch-
and-Bound," Working Paper COC-92-09, to appear in Computational 
Optimization and Applications. 
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Ill. Scientific Personnel 
A. Faculty Supported by NSF or Matching Funds 
George L. Nemhauser, Institute Professor and Chandler Chair 
Cynthia Barnhart, Assistant Professor, (currently at MIT) 
L.W. Clarke, Assistant Professor 
Ram Pandit, Visiting Assistant Professor 
(currently with Consolidated Freight) 
B. Other Faculty 
Ellis L. Johnson, Coca-Cola Professor 
Martin W.P. Savelsbergh, Associate Professor 
C. Postdoctoral Associates Supported by NSF or 
Matching Funds 
Natashia Boland 
Lloyd W. Clarke 
Christopher A. Hane (currently visiting Assistant Professor, Univ. of 
British Columbia) 
D. Students Supported by NSF or Matching Funds 
Pamela Vance, Ph.D. Sept. 1993 (currently Assistant Professor, Auburn 
U n ive rs ity) 
John Zhu, Ph.D expected June 1994 
Stephen Querida, M.S., June 1993 
Zonghao Gu, Ph.D. expected 1995 
Jinhua Wang, Ph.D. expected 1995 
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IV. Second Year 
A. Matching Support 
United Airlines is providing $25,000 for research on the weekly 
exceptions problem of crew planning. This problem deals with crew 
pairing for flights that are ;not scheduled on a daily basis. 
Praxair is providing $28,215 for research on the opti.mization of a 
prod.uction/distribution system for gas products. 
AT&T is providing $36,000 for research on production of scheduling 
fiber-optic cable. 
B. NSF Budget 
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j~l Am , 81994 UniTED AIRLinES 
Executive Offices 
Joint NSF/Private Sector Research Opportunities Initiative 
LETTER OF SUPPORT 
This letter is to confirm that United Airlines agrees to be a 
Cooperating Organization in the Joint Private Sector Research 
Opportunities Initiative. United Airlines is actively 
participating in joint research with the Georgia Institute of 
Technology in solving the Crew-Pairing Problem with Exceptions, 
and is providing Georgia Tech with $25,000 in support of this 
project designated as matching funds to an NSF contribution. 
- f 
Established in 1926 and incorporated in the State of Delaware, 
United Airlines Incorporated is a commercial airline with 
executive offices in Elk Grove Village, Illinois. The Corporate 
Research and Development Department of United Airlines currently 
employs a technical staff of over 25, all with advanced degrees 
(M.S., PH.D) in Operations Research, Industrial Engineering and 
related fields. 
Successful completion of the joint venture will result in 
substantial savings to United Airlines, both financially and 
otherwise. It is estimated that a savings in cost of several 
million dollars could be had by using improved techniques to 
generate crew pairings with exceptions. Additionally, the 
experience gained from this project can be used to solve other 
airline problems. 
The key contact person for the project is Dr. Deepa Mahidhara, a 
manager in the Operations Research Group. Dr. Mahidhara has 
worked for almost five years developing tools for improved 
airline crew scheduling and, as chairperson of the Crew 
Scheduling Study group of the Airline Group of the International 
Federation of Operations Research Societies, is recognized as one 
of the main practitioners in the field of crew optimization. 
,e 




Richard L. Wysong ~ ~ 
Director, Corporate Research and Development 
P.O. Box 66100, Chicago, Illinois 60666 • Location: Elk Grove Township, Illinois, on Route 62, one-half mile west of Route 83 
!tflfii!IPRAXAIR 
April 14, 1994 
George L. Nemhauser 
Institute Professor and Chandler Chair 
School of Industrial an Systems Engineering 
Georgia Institute of Technology 
Atlanta, GA 30332-0205 
Dear George, 
1xair, Inc. 
st Office Box 44 
Tonawanda, NY 14151-0044 
Tel (716) 879-2000 
I appreciate you considering Praxair for matching funds from the NSF. We are happy to be a 
Cooperating Organization in the Joint Private Sector Research Opportunities Initiative. We look 
forward to executing the "Praxair Production Distribution Model" project as outlined in the 
contract that provides Georgia Tech with $28,215 in research monies to be matched by the NSF. I 
am confident that the matching funds will lead. to further improvements in Praxair's competitive 
position, as well as to productive new research topics for the Logistics Optimization Center. 
I will remain the key contact person throughout this effort and look forward to a growing 
relationship with the Georgia Institute of Technology. 
Sincerely, 
Michael D. Jordan 
Manager of Operations Research 
An Atmosphere of Excellence 
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Part II - Summary of Completed Project 
The objective of this grant is to develop column generation methods for solving large-scale 
optimization problems with discrete variables and to apply them to airline scheduling 
problems. Matching funds were received from American, Delta and Northwest and United 
Airlines. The main result is a general methodology, called branch-and-price, for solving 
integer programs with a very large number of discrete variables by column generation. We 
have applied this methodology to models of fleet assignment (which type of plane to assign 
to each flight segment), routing, crew pairing (assignment of crews to flights) and crew 
recovery (reassignment of crews after a disruption has occurred). The models and solution 
algorithms have been validated using real data supplied by the participating airlines. 
Part III - Technical Information 
The branch-and-price methodology has been implemented in our MINTO software system 
which is distributed by the Georgia Institute of Technology. Models and algorthms for the 
fleet and crew assignment problems are described in the publications below. 
Publications 
C. Barnhart, L. Ratay and E.L. Johnson, "Deadhead Selection for the Long-Haul Crew 
Pairing Problem," Operations Research, 43, 491-499, 1995. 
C. Barnhart, E.L. Johnson, R. Anbil and L. Ratay, "A Column Generation Technique for 
the Long-Haul Crew Assignment Problem," Optimization in Industrial Environments, Vol. 
2, T. Ciriani and R. Leachman, eds., John Wiley and Sons, Ltd., 1994. 
C. Barnhart, E.L. Johnson, G. L. Nemhauser, M. Savelsbergh and P. Vance, "Branch-and-
Price: Column Generation for Solving Huge Integer Programs," to appear in Operations 
Research. 
H. Chu, E. Gelman and E.L. Johnson, "Solving Large Scale Crew Scheduling Problems," 
LEC 96-02, Georgia Institute of Technology, 1996. 
L.W. Clarke, C.A. Hane, E.L. Johnson and G.L. Nemhauser, "Mainteneance and Crew 
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